We begin by letting F be a number field of degree d = r 1 + 2r 2 , where r 1 and r 2 denote the number of real places and pairs of complex conjugate places of F respectively.
Let ζ F (s) be the Dedekind zeta function of F and let d n denote the order of vanishing of ζ F (s) at s = 1 − n, for n ∈ Z >0 .
The functional equation determines the order of vanishing explicitly, giving 3 cases:
if n ≥ 3 is odd r 2 if n ≥ 2 is even
If n = 1, ζ F (0) is non=zero precisely when F = Q of F is imaginary quadratic.
For such a field, the value of ζ F (0) is related to the class number h F of F by Dirichlet's analytic class number formula,
where w F denotes the number of roots of unity in F .
So this case is related to the classical Gauss problem of determining all such number fields of class number 1.
For n ≥ 3 odd, an analogous problem was solved by Voight, by replacing Q with a totally real number field K, and letting L be a totally imaginary quadratic extension of K.
Here, the analogue to the class number is given by the higher relative class num
, where h n (F ) = |H 2 (o F , Z(n))|, called the n-th higher class group of F . This higher relative class number is related to L-functions by an analytic higher relative class number formula, similar to the classical case.
Voight listed all CM extensions L|K having higher relative class number at most 16.
In the remaining case, we see that ζ F (1 − n) is non-zero for even n ≥ 2 precisely when F is totally real.
In this case, the value of the zeta function is rational, and we have an interpretation similar to the class number formula as a consequence of the main conjecture of Iwasawa theory. This interpretation is given by a theorem due to Wiles:
Theorem. (Wiles) Assume F is a totally real number field and that n ≥ 2 is an even integer. Then
where h n (F ) denotes the order of the motivic cohomology group
) of the ring of integers o F of F , and w n (F ) denotes the order of the Galois cohomology group H 0 (F, Q/Z(n)). We note that for n = 1, the group H 0 (F, Q/Z(1)) consists of the roots of unity in F , and hence w 1 (F ) = w F in our previous notation.
The Iwasawa main conjecture has been proven by Wiles for all odd primes, but the 2-primary part remains open.
Without the 2-adic main conjecture, this theorem remains true is F is abelian over Q.
From now on, we will make the following assumptions:
• n ≥ 2 is an even integer
• The 2-adic Iwasawa main conjecture holds Now, the analogue of the Gauss problem becomes that of determining all totally real F having h n (F ) = 1 for some n ≥ 2 even.
However, we have a surjective map
where for n even, F totally real, these local cohomology groups are each cyclic of order 2, and hence h n (F ) ≥ 2 d for all F .
So instead, we will consider a canonical subgroup of this motivic cohomology group called the motivic wild kernel of F , which is analogous to the Tate-Shafarevich group.
We define this group by its p-parts (p a prime number), which correspond to the higherétale wild kernels, defined by
where v runs though all primes in F above p, including the real infinite primes if p = 2.
We denote h
Now it is this group whose order we take to be the analogue of the class number in this situation.
Since we are by design away from the pole of the zeta function, the functional equation provides us with an estimate of the values ζ F (1 − n) dependent on the discriminant of F .
Combining this with the theorem of Wiles, we obtain the following bound:
Now, the index of the motivic wild kernel in this motivic cohomology group is determined by local properties of F , which we can estimate using information about the ramification of primes in F .
This information is reflected in the discriminant of F , so we can show that
We define the root discriminant δ F = D 1/d , and combine these two estimates to obtain an upper bound on δ F depedent on the order of the motivic wild kernel:
We can use this bound to characterize the set of all totally real number fields having trivial motivic wild kernel.
Claim. For every even integer n ≥ 2 there exists a finite value d * (n) such that F totally real and
To begin the proof of this claim, we note that by replacing the term
with a constant in the last bound, we obtain an upper bound on δ F independent of degree.
As n increases, this bound approaches zero. Since δ F /ge1 for all F , we have no number fields satisfying this bound past a given value of n.
The result from this argument is that for n ge16 even, d
* (n) = 1. In other words, for n ≥ 16, the n-th motivic wild kernel of F must be non-trivial for all F . Now, we split the remainder of the proof into 2 cases.
The Odlyzko bounds provide lower bounds on the root discriminant dependent on the degree of a number field. For a given value of n, we have an upper bound on δ F which intersects the Odlyzko bounds at d * (n).
Any number field with the possibility of having trivial n-th motivic wild kernel must then lie between these bounds, so we have only a small number of fields to check.
By computing the orders of the motivic wild kernels directly, we find that for n ≥ 6, h Case II: n = 2
As d → ∞, the Odlyzko bounds have a horizontal asymptote, so the degree of a number field having bounded root discriminant can only be restricted if that bound is sufficiently small.
In fact, for values above this point, there exist infinite towers of totally real number fields having constant root discriminant.
In the case n = 2, our bound is too high to yield a finite number d * (2).
Fortunately, in this specific case, we are able to establish more precise estimates of the local properties of F , and thus define an improved upper bound.
Again, comparing this bound to the Odlyzko bounds, we have d * (2) = 117.
Remark. If we were to assume the Generalized Riemann Hypothesis, we could use an improved set of Odlyzko bounds, known as the GRH bounds, which reduces the result to d * (2) = 47.
This proves our claim, and we obtain:
Theorem. There are only finitely many totally real number fields F having h M n (F ) = 1 for some even integer n ≥ 2.
In fact, we've shown that for F = Q, we have h M n (F ) > 1 for all even n ≥ 6, that there is precisely one such F having h M 4 = 1 and that any field having trivial 2nd motivic wild kernel must be of degree d ≤ 117 and should be of degree d ≤ 47.
Using SAGE mathematical software, and the programs developed by Voight for the enumeration of totally real number fields of bounded root discriminant, it was possible to calculate the orders of the 2nd motivic wild kernels of all relevant fields of degree d < 10.
21 fields having h M 2 (F ) = 1 were found, listed here with their defining properties and associated data: 
